If a 3-manifold Y contains a non-separating sphere, then some twisted Heegaard Floer homology of Y is zero. This simple fact allows us to prove several results about Dehn surgery on knots in such manifolds. Similar results have been proved for knots in L-spaces.
Introduction
Heegaard Floer homology was introduced by Ozsváth and Szabó [12] . For null-homologous knots, there is a filtered version of Heegaard Floer homology, called knot Floer homology [14, 17] . Basically, if one knows the information about the knot Floer homology of a knot, then one can compute the Heegaard Floer homology of any manifold obtained by Dehn surgery on the knot. However, in general the algebra involved here is too complicated. In order to get useful information, people often assume the ambient manifold has "simple" Heegaard Floer homology, namely, the ambient manifold is an L-space. This paper is motivated by the observation that if the ambient manifold contains a non-separating sphere, and if we use twisted coefficients over a Novikov ring, then the Heegaard Floer homology of the ambient manifold is even simpler: in this case the twisted Heegaard Floer homology is zero. This observation allows us to prove several results about null-homologous knots in such ambient manifolds.
In order to state the first theorem, we introduce the concept of "Property G".
Suppose K is a null-homologous knot in a closed 3-manifold Y , then there is a canonical "zero" slope on K. Let Y 0 (K) be the manifold obtained from Y by the zero surgery on K. (In general, let Y r (K) be the manifold obtained from Y by r-surgery on K.) Gabai proved the following result in [6] :
Theorem (Gabai) . Let K be a knot in S 3 , F be a minimal genus Seifert surface for K. Let F ⊂ S Our notion of "Property G" is motivated by the above theorem. Definition 1.1. Suppose K is a null-homologous knot in a closed 3-manifold Y . An oriented surface F ⊂ Y is a Seifert-like surface for K, if ∂F = K. When F is connected, we say that F is a Seifert surface for K. We also view a Seifert-like surface as a proper surface in Y −
, S is incompressible, and no proper subsurface of S is null-homologous. Here x(·) is the Thurston norm. Definition 1.3. Suppose K is a null-homologous knot in a closed 3-manifold Y . We say K has Property G, if the following conditions hold: (G1) any taut Seifert-like surface for K extends to a taut surface in Y 0 (K) after attaching a disk to its boundary; (G2) if Y 0 (K) fibers over S 1 , such that the homology class of the fiber is the extension of the homology class of a Seifert surface F for K, then K is a fibered knot, and the homology class of the fiber is [F ] .
If the first (or second) condition holds, then we say that K has Property G1 (or G2).
It is easy to construct knots that violate Property G. However, if we make some assumption on Y or K, then we can get Property G. For example, one can show that non-prime knots have Property G. In [6] , Gabai proved that if K is a null-homologous knot in a reducible manifold Y , such that H 1 (Y ) is torsion-free and Y − K is irreducible, then K has Property G. This result has overlap with our Theorem 1.4. Moreover, using Heegaard Floer homology, we can show that if HF red (Y ) = 0 then K has Property G. (For Property G2, the proof can be found in [10, 1] . The proof for Property G1 is similar.)
The first main theorem in this paper is Property G for knots in manifolds that contain non-separating spheres. 
The paper is organized as follows. In Section 2 we define a version of twisted Heegaard Floer homology. In Section 3 we collect some properties of twisted Heegaard Floer homology, especially the nontriviality results. Sections 4 and 5 are devoted to the proof of our main theorems.
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Preliminaries on twisted Heegaard Floer homology
In this section, we will set up the version of twisted Heegaard Floer homology we need. Our approach is similar to the sketch in [11] . More general constructions can be found in [13, 8] .
Twisted chain complexes
Let Y be a closed, oriented 3-manifold. (Σ, α, β, z) is a Heegaard diagram for Y . We always assume the diagram satisfies a certain admissibility condition so that the Heegaard Floer invariants we are considering are well-defined (see [12] for more details). Let Λ = r∈R a r T r a r ∈ R, #{a r |a r = 0, r ≤ c} < ∞ for any c ∈ R be the universal Novikov ring, which is actually a field. Let ω be a 1-cycle on Σ, such that it is in general position with the α-and β-curves. Namely, ω = k i c i , where k i ∈ R, each c i is an immersed closed oriented curve on Σ, such that c i is transverse to the α-and β-curves, and c i does not contain any intersection point of α-and β-curves. We also regard ω as a 1-cycle in Y .
Let CF ∞ (Y, ω; Λ) be the Λ-module freely generated by [x, i] , where x ∈ T α ∩ T β , i ∈ Z. If φ is a topological Whitney disk connecting x to y, let ∂ α φ = (∂φ) ∩ T α . We can also regard ∂ α φ as a multi-arc that lies on Σ and connects x to y. We define
be the boundary map defined by 
In particular, when ω is null-homologous in Y , the coefficients are "untwisted".
Proof. Since ω 1 , ω 2 are homologous in Y , ω 1 − ω 2 is homologous to a linear combination of α-curves and β-curves in Σ. It is easy to check that ∂ α φ · γ = 0 whenever φ is a Whitney disk and γ is a parallel copy of an α-or β-curve.
Hence we may assume that
where D · x is the cap product of D with the 0-chain
). We can check that f is a chain map which induces an isomorphism.
The standard construction in Heegaard Floer homology [12] This version of twisted Heegaard Floer homology is a special case of the general construction in [13, Section 8] . In fact, given a 1-cycle ω, Λ can be viewed as a module over the group ring
One can check that the twisted Floer homology defined above is exactly the twisted Floer homology over the module Λ as defined in [13, Section 8] .
Proposition 2.2. Let Y be a 3-manifold, s be a Spin c structure, and ω be a 1-cycle. Then, there are natural isomorphisms:
We then have
Now we can easily get our conclusion.
Twisted chain maps
Let (Σ, α, β, γ, z) be a Heegaard triple-diagram. Let ω be a 1-cycle on Σ which is in general position with the α-, β-and γ-curves.
The pants construction in [12, Subsection 8.1] gives rise to a four-manifold
By this construction X α,β,γ contains a region Σ × △, where △ is a two-simplex with edges e α , e β , e γ . Let ω × [0, 1] = ω × e α ⊂ X α,β,γ be the linear combination of properly immersed annuli such that
ψ is a topological Whitney triangle connecting them. Let ∂ α ψ = ∂ψ ∩ T α be the arc connecting x to w. We can regard ∂ α ψ as a multi-arc on Σ. Define
Let the chain map
be defined by the formula:
The standard constructions [12, 13] allow us to define chain maps introduced by cobordisms.
Twisted Knot Floer homology
Suppose K is a rationally null-homologous oriented knot in Y , ξ is a relative Spin c -structure in Spin c (Y, K) and ω is a 1-cycle in Y − K, we can define the twisted knot Floer complex CF K ∞ (Y, K, ξ, ω; Λ) as in [16, Section 3] , see also [14, 17] . Recall that the chain complex is generated by the [x, i, j]'s satisfying
Since K is oriented, there is a natural way to extend a vector field representing a relative Spin c -structure in Spin c (Y, K) to a vector field on Y . Let
be the induced map of Spin c -structures. 
We can construct a Heegaard diagram (Σ, α, β, w, z) for (Y, K), such that β 1 = µ is the meridian of K, and α 1 is the only α-curve that intersects β 1 ,
There is a curve λ ⊂ Σ which gives rise to the knot K. Figure 1] ) is the local picture in a cylindrical neighborhood of β 1 .
As in [16] , when m is sufficiently large, one defines a map
is represented by an point x ′ supported in the winding region, let x ∈ T α ∩ T β be the "nearest point", and let ψ ∈ π 2 (x ′ , Θ, x) be a small triangle. Then
Lemma 2.4. The map Ξ is injective.
Proof. Suppose two intersection points x ′ 1 , x ′ 2 ∈ T α ∩ T γ are supported in the winding region, and they represent two Spin c -structures
, and let ψ 1 , ψ 2 be the corresponding small triangles.
Assume that Ξ(t 1 ) = Ξ(t 2 ). By Equation (2), we have
Since µ is null-homologous in Y , x 1 , x 2 represent the same Spin c -structure in Spin c (Y ). Hence there is a topological Whitney disk φ for T α , T β connecting x 1 to x 2 . Since the β 1 -components of x 1 and x 2 are both x, ∂φ contains n w (φ) − n z (φ) copies of β 1 . Let Figure 1 for an illustration.) By (3), we have
So we can glue φ and ψ d together to get a disk ϕ ′ . After a Hamiltonian translation, ϕ ′ becomes a topological Whitney disk ϕ for T α , T γ , connecting x
The following result is the twisted version of [16, Theorem 4.1]. We do not state it in the most generality since the current version suffices for our purpose. 
Proof. See [16, Theorem 4.1].
Another result we will need is the following twisted version of [16, Corollary 5.3].
with the property that
as Z ⊕ Z-filtered chain complexes.
Properties of twisted Heegaard Floer homology
In this section, we collect some properties of twisted Heegaard Floer homology. In particular, we prove some nontriviality results following [15] .
Surgery exact sequences
As in [13] , there are surgery exact sequences for twisted Heegaard Floer homology. One of them is as follows (see also [2] ). 
Proof. The proof is a standard application of the surgery exact sequence and the adjunction inequality.
The presence of a non-separating sphere
When there is a non-separating two-sphere, we have the following properties from [11] . 
The topmost nontrivial term
In this subsection we will prove some nontriviality results following the approach in [15] . Although it is possible to prove stronger results, we are satisfied with the current version since it is sufficient for our purpose. We also cite a result about twisted Floer homology and fibered knots. 
Proof. By [4] , there exists a taut foliation F of Y , such that F is a union of compact leaves of F , and F is smooth except possibly along toral components of F . By Lemma 3.5 we have a nonempty open subset U * ⊂ H 2 (Y ; R) with the property stated there. Let U ⊂ H 1 (Y ; R) be the dual of U * . Now for any ω ∈ U , the argument in [15, Section 4] shows that HF
and sufficiently large n, we get a contradiction. The following lemma will be used in the proof of Theorem 3.8. The diffeomorphism ϕ can be realized by a product of Dehn twists along a set of curves C on F 1 . In other words, there exists a link
be the natural inclusion maps. Both ρ and ρ ′ are surjective. Let
be the codimension 1 subspace defined by
By Lemma 3.4,
By the connected sum formula
we conclude that for any
be the natural map which is a projection. Let
then U is the nonempty open set we need.
The following result is a twisted version of a theorem due to Ghiggini [7] and the author [10] . 
Property G
This section is devoted to the proof of Theorem 1.4, which is a direct corollary of the properties listed in the last section.
Proof of Theorem 1.4. We first prove Property G1. If F is a taut Seifert-like surface for K, by Theorem 3.8 we can find a 1-cycle ω ⊂ Y − K, such that ω · S = 0 and
Now Lemma 3.4 implies that
hence F is taut. Now we prove Property G2. Suppose Y 0 (K) fibers over S 1 with fiber in the homology class [ F ] , where F is a taut Seifert-like surface for K. By Property G1, F is taut in Y 0 (K), hence F is isotopic to a fiber of the fibration. Using Theorem 3.9, we conclude that K is fibered with fiber F .
Cosmetic surgery
In this section, we will prove Theorem 1.5. Like [16, Section 9] , the proof relies on the rational surgery formula of Floer homology. However, our situation here is much simpler. The result we will use is as follows. , f n * ω; Λ) < 1 when n is sufficiently large, a contradiction.
